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Jantzen filtration

Recall in the last lecture, we have the Kazhdan-Lusztig
conjecture:

Theorem

In the block Oy (with infinitesimal character as —2p), forx <w

in W,
[Lw] = Z(—UI(WFI(X Px,w(1) V]

_ x<w —~—

can one have interpretation on the variable ¢?

r .y

Here PX,Wis so-called Kazhdan—Luszti@olynomial. But,
by
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Contravariant form

¢ Recall that we have a transpose map 7 of U(g) with
properties: )

7(h), (ga)—g ar T(g-a) = 1
23, 6y~ e ©) vt sy, Ml E X
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Contravariant form

¢ Recall that we have a transpose map 7 of U(g) with
properties:

T(h), T(ga) =0-a T(gfa) = Yo
Ont'tc nudh -

¢ A symmetric bilinear form (.,.) on M is called contravariant

it neley)
i (u.my,m) = (my, 7(u).mo)

(it b ke om0 6 A ),
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Contravariant form

¢ Recall that we have a transpose map 7 of U(g) with
properties:

7(h), 7(8a) =9-0a; T(9-0) = 0o

e A symmetric bilinear form (.,.) on M is called contravariant

if v
(&ﬂhmzs (my, 7(u).my)
¢ )H(MH("“/ ) Raf Mg Arad | SV ;_(__

'Bll(M) Homp(M Hong: (P\('X) /’\-()r'\ﬂ)

e In particular, fhere is a canonical contravariaf
M(X), which is non-degenerate only if M(\) is |rredu0|ble.

Indeed, the kernel of SEE\P form is the m%in_ﬁmmle
f M(\ “ P ~
O_J)me,ghlhyéu nr
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The s((2,C) example

—_— {‘r( \(\f-l') L(,( {1’)—" L(&{ \f" - 2 " oy
For n € Zq, define M_to be a module of ba3|s‘{y,},::v~\\/’|tk

action:
H.v,-:(n+_£—2/)v,- { ve !l‘
y (M\*'\V) Xvi=(n+T—i+1)v_q —
M ! .
> C Yovi= (i +1)Vi

Set‘(vo, Vo) = 1\ We can compute (v, v;) as follows:
Z('f‘)«-x

(1) Vi1, Vigr) = (YoVi, Vigt) = (ViaX-Vi—H) = (n+T—i)(vi, V)
\;7

Thus, (v;, v;) = @ETH= ’) (”+T+1 O)(v V). Wheni > n+1,

TI(vi, vi).
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Jantzen filtration yAST

/?‘
¢ Let T be avariable and let g7 = C[T] ®c g. Let A= C[T].
Define A\t = A+ pT.
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Jantzen filtration

¢ Let T be avariable and let g7 = C[T] ®c g. Let A= C[T].
Define A\t = A+ pT.

e So, for generic T, we have that M(\r) is irreducible. Hence
3 non-degenerate contravariant Tormﬁ,) on M(At).
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Jantzen filtration

—

Let T be a variabl dlet gr = C[T] ®c g. Let A= CJ[T].
Define A7 = A HgTs

e So, for generic T, we have that@ikrilis irreducible. Hence
3 non-degenerate contravariant form (,) on M(A7).

We define  ,. 2 , R
. TA ¢
M(i) = {e'e M(\7) : (m.M(A7)) € TMAT) }

Note that M(\ MP‘EM (A71). Define M V' to b be
the image o f 7‘7/ i)in M

- LA Tz v
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Jantzen filtration

Let T be a variable and let g7 = C[T] ®c g. Let A= C|[T].
Define A\t = A+ pT.

So, for generic T, we have that M(\r) is irreducible. Hence
3 non-degenerate contravariant form (,) on M(\r).

We define ae)

M(i) = {e e M(A7) : (m,M(\1)) € T’M(AT)}.

Note that M(\) = M := M(A7)/TM(Ar). Define M’ to be
the image of M(i) in M.
In previous example, M° = M()\) and M' = max sub mod

80,9 hl = { Vner . Var , .. S 7 o S

¥
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Jantzen filtration

Theorem (Jantzen)

The above filtration /\ P Nc pg{}(
M= M(X)° > M) >MN?Z ...

gives that

e each non-zero subquotient M(\)'/M(\)"+" has a
non-degenerate contravariant form & ¢~ A "‘Ll- o

e M' is the maximal proper submodule of M()\) = HO
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Jantzen filtration

Theorem (Jantzen)
The above filtration

M= MN° > M) > MA? > ...

gives that

e each non-zero subquotient M(\)'/M()\)*! has a
non-degenerate contravariant form

e M' is the maximal proper submodule of M(\)

There is one more property called Jantzen character sum
formula, which we will state later.
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Radical and socle filtration

e Radical filtration:

Rad°M = M > Rad'M > Rad®M > ...

” —

such that Rad’M/Rad"™" M is maximal semisimple quotient
of Rad’'M.

M

M e e{n’
\D/ D
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Radical and socle filtration

e Radical filtration:
Rad°M = M > Rad'M > Rad®M > ...

such that Rad’M/Rad*' M is maximal semisimple quotient

of Rad'M. A
® Socle filtration: g)* ba
0 1 2
SOCM:OCSOCMC’S&.MC... @
such that Soc’M/Soc’~' M is maximal semisimple
submodule of M/Soc'~'M. A ¢ t
s S ¢ NS
R » DA D

n= ~p ~____
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Radical and socle filtration

One may ask if radical filtration and socle filtration coincides in
general.

Example ReK.(ak = /\:Q

Module:
A

B
where A, B, C are simple. Then Rad # Soc.

° = ,\
®C Cocke BQCAac
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Radical and socle filtration

One may ask if radical filtration and socle filtration coincides in
general.

Example

Module:
A

B
where A, B, C are simple. Then Rad # Soc.

®C

Let M be a module with unique simple submodule and unique
simple quotient. Then the socle filtration of M agrees with the
radical filtration of M (with suitable relabelling). We shall call
such M to be 'r:@g

/
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Submodule of Verma modules

We have already known that a Verma module has a unique

quotient. To show a Verma module is rigid, it remains to show

that a Verma module has a unique submodule.
/~_
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Submodule of Verma modules

We have already known that a Verma module has a unique
quotient. To show a Verma module is rigid, it remains to show
that a Verma module has a unique submodule.

v
Proposition C‘x-('(! oD <o v Ul &<
e Suppose X is antidominant. Then M()) is irreducible i.e.
M(X) = L()N).
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Submodule of Verma modules

We have already known that a Verma module has a unique
quotient. To show a Verma module is rigid, it remains to show
that a Verma module has a unique submodule.

Proposition
e Suppose A is antidominant. Then M()\) is irreducible |§
M(X) = L(A). Y e P S

¢ Any Verma module M()) has a unique submodule. The
unique submodule is isomorphic to M(w - \) with w - A
antidominant. ~ R W/

] A Y
To prove uniqueness, one realize M(\) as U(ns,éas n-modules.
Any two non-zero ideals of U(n) have non-zero intersection.
’_——‘/

LERN @j’,h@w
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_Jantzen conjecture’

Theorem
e Each Verma module is rigid.
e The Lowey length of My, is [(w) + 1.
e The Jantzen filtration coincides with the radical filtration. In
particular, each Jantzen layer is semisimple.
e The radical filtration is determined by the Kazhdan-Lusztig
polynomails:

Pwow,wox(q) = Z[Rad/(x,w)—kMW: Lw]qk
k

= =2 - DA



Jantzen conjecture

Theorem = l Y
> _,%,,K‘ff(.\\v
\

e Fach Verma module is_rigie-
e The LWh of My is I(w) + 1. QA
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Jantzen conjecture

Theorem
e Fach Verma module is rigid.
® The Lowey length of My, is I(w) + 1.

e The Jantzen filtration coincides with the radical filtration. In
particliiar, each Jantzen layer is semisimple.
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Jantzen conjecture

Theorem
e Fach Verma module is rigid.
® The Lowey length of My, is I(w) + 1.

e The Jantzen filtration coincides with the radical filtration. In
particular, each Jantzen layer is semisimple.

e The radical filtration is determined by the Kazhdan-Lusztig
olynomails: (. e
poly o ey s

T e T
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Il. Embedding problem
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Some submodule structure

There are some related problems to above version of Jantzen
conjecture. We have mentioned that any Verma module has a
unique submodule. More generally, one may ask:

dim Homp(M(\), M(p)) =7
- o~
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Some submodule structure

There are some related problems to above version of Jantzen
conjecture. We have mentioned that any Verma module has a
unique submodule. More generally, one may ask:

dim Homp(M(\), M(p)) =7

Indeed, uniqueness of submodule determines:
e |f there is a non-zero map from M(\) to M(%), then the
~———

[ bedding. 1&
map s an embecdig <

ML
) Q@ D achrs
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Some submodule structure

There are some related problems to above version of Jantzen
conjecture. We have mentioned that any Verma module has a
unique submodule. More generally, one may ask:

dim Homp(M(\), M(p)) =7

Indeed, uniqueness of submodule determines:

e |f there is a non-zero map from M(\) to M(u), then the
map is an embedding.

¢ dimHomp(M(X), M(1)) < 1.

Kei Yuen Chan Kazhdan-Lusztig theory



Some submodule structure

There are some related problems to above version of Jantzen
conjecture. We have mentioned that any Verma module has a
unique submodule. More generally, one may ask:

dim Homp(M(\), M(p)) =7

Indeed, uniqueness of submodule determines:

e |f there is a non-zero map from M(\) to M(u), then the
map is an embedding.

¢ dimHomp(M(X), M(1)) < 1.
It remains to ask when

dim Homo(M()), (1)) # q

It relies on a notion of ’linked’
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Strongly linked

For two weights A\, u € b*, u 1t A if
—
* A=por
e there is a positive root oo such that 4y = s, - A < A\,
[ S5 O e
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Strongly linked

For two weights A\, u € b*, p 1t A if
* A=por
e there is a positive root oo such that 4y = 5, - A < \.

Definition
We say that p is strongly linked to X if 4 = A or there exists
positive roots a4, .. ., ar such that

p="_(Say--Sa;) AT (Sap---Say) - AT...TA
—

\
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Strongly linked

For two weights A\, u € b*, p 1t A if
* A=por
e there is a positive root oo such that 4y = 5, - A < \.

Definition
We say that p is strongly linked to X if 4 = A or there exists
positive roots a4, .. ., ar such that

p="_(Say--Sa;) AT (Sap---Sa) - AT...TA

S«
Example )

In sl(2,C), for k > 0, —(k +2)p T kp. As we saw that M(kp)
has two composition factors M(kp) and M(—(k + 2)p) and

ﬂg M(—(k +2)p) <MD

Alep)

L
&

(3
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BGG theorem

The previous observation can be generalized:

Theorem

e (Verma) If u is strongly linked to \, then M(p) — M()). In
particular, [M()\) : L(w)] # 0.

e (BGG) lf[M(/\w # 0, then ﬂWed fo \.
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BGG theorem

The previous observation can be generalized:

Theorem —
e (Verma) If uu is strongly linked to A, then M(y.) <—>’M()\). In
particular, [M()) : L(/Q] # 0.

(BGG) If [M(\) : L(p)] # O,Fi)en w is strongly linked to .
- ) | —
* The idea of proving the first one is to reduce to the
slp-calculation for each step

So; - N TN
_—

The second one needs some new ideas.
e Combine two parts: [M(\) : L(p)] # 0 < M(p) — M(X)
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Jantzen sum formula

Recall that we have the Jantzen filtration:

MO = MO SR ..

Theorem
The characters satisfy:

Zch M Z ch M(s, - )

i>0 a>0,5,- A<\

—
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Jantzen sum formula

Recall that we have the Jantzen filtration:

MM =M oM > M2 > ...

Theorem
The characters satisfy: % o

¥
Zch /\?{: Z ch M(s, - \)

i>0 a>0,5,- A<\

— o S
¢ Application on proving BGG reciprocityi18_ugmse/ Sy
w [M(A) : L(p)] > 0and p # X. Then [M"TL(u)] # 0. Above
theorem implies [Ms_ .\ - L{(1)] # 0. Induction implies x strongly
linked to s, - A\, and so strongly linked to .
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More examples

Let us look at s1(3, C) case. The Weyl group has order 6. The
module structure M(0) takes the form:
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[ll. More on Jantzen conjecture
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Jantzen conjecture

Now we ask how Jantzen filtration behaves under the
embedding of Verma modules. The following is the _original

Jantzen conjecture, which is a consequence of JF=
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Jantzen conjecture

Now we ask how Jantzen filtration behaves under the
embedding of Verma modules. The following is the original
Jantzen conjecture, which is a consequence of JF=RF

Theorem
Let v 32X\ in b*. Consider the embedding

Stgum VA~
M() — M()).
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Jantzen conjecture

Now we ask how Jantzen filtration behaves under the
embedding of Verma modules. The following is the original
Jantzen conjecture, which is a consequence of JF=RF

Theorem
Let u T X\ in b*. Consider the embedding

M(p) = M(N).

Letd ={a>0:s, -k <k} Letr = || —[®f]. Then
=

M() 0 M(N)' = M(u)'%j_ .

fori > r. In particular, M(p) € M(\)".

\
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Flag variety

We discussed with connection with the geometry of flag variety
G/B last time. T

® Let G = GLp(k), where k = C or IFy.

¢ Let B be the subgroup of upper triangular matrices. G/B

can be identified with the space consisting of a sequence
of linear subspaces of k" ——
~——

{V1CV2C...CVnZdimk V,:I}

- —

under the correspondence:
9B « {gspan(en) C gspan(en, €_1) C ... C gspan(en,...,€1)}
c— F— ———

¢ As a variety, G/B is projective.
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Bruhat decomposition

e Recall that W = Ng(T)/T is the Weyl group. Bruhat
decomposition:

which gives a stratific'a-tion on the B-orbits on G/B
parametrized by W:

we W<« BwB/B
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Bruhat decomposition

e Recall that W = Ng(T)/T is the Weyl group. Bruhat
decomposition:

which gives a stratification on the B-orbits on G/B

parametrized by W:

g R we W<« BwB/B
s

r—

* e For G=GL(2,C), G/Bis P'. BsB/B-corresponds to the
open orbit {[1, y]} = k, and [ corresponds to the point

= 11,0

* For G = GL(3,C), G/B the has 6 B-orbits.

¢ The closure relation on G/B-orbits compatible with the
Bruhat ordering on W
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Little bit on D-modules

e For G=SL(2,C) case, X = G/B =P'. G acts by the
¢ - —— -,
transformation Cx:z Y

a b X_ax+b
c d)'= cx+d
e

e For functions on X, by taking differentiating one obtains
corresponding g-action e.g. take e = ‘ 0 1). Then

00

1t _Z __21

< 1)‘ﬁ_1+tz:>(e'w)(z)_ i
I P —————
5%
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Little bit on D-modules

e For G=SL(2,C) case, X = G/B =P'. G acts by the

transformation
a b s b
c d)7  cx+d

e For functions on X, by taking differentiating one obtains

corresponding g-action e.g. take e = (8 8) Then

1t _Z __21
< 1>‘z_1+t2:>(e.w)(z)— Zdzw

¢ This is how may construct modules from functions on X.

¢ One consider the 'sheaf version’: that is D-modules, and
taking globalization (roughly) gives equivalence corresp.
on U(g)-modules.

———
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Weight filtration on the geometry side

Let us briefly explain the idea of a proof of Jantzen filtration,
due to Beilinson-Bernstein. Recall that to establish the KL
conjecture, one needs:

‘Su'/e e g-modules 3 .
C' D-modules on G/B B corr. <ty ova-d
j A —
e perverse sheaves onG/B &— ~*Y
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Weight filtration on the geometry side

Let us briefly explain the idea of a proof of Jantzen filtration,
due to Beilinson-Bernstein. Recall that to establish the KL
conjecture, one needs:

e g-modules RM”'

¢ D-modules on G/B

® perverse sheaves onG/QB
The variety G/B is defined over Fq, and one has a Frobenius
operator Fr acting on the variety. For a stalk of a sheaf of G/B,
Fr acts by (¢")%/2. (ns fixed, but w depends on Fy. w defines
a graded, mmght. The perverse sheaves corresponding
to Verma modules admit a wetghmma.n_gr{ BB shows it agrees

. . . \ . . l
with Jantzen fitlration. 4 ('ML' 2 ,( _(«(',_

BB corr.
-
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What generalizations?

We basically consider complex semisimple Lie algebra g. How
about if we study Lie groups G?
Like g, we first need a suitable class of representations of G.
Let K be the maximal compact subgroup of G with Lie algebra
t.
Definition
A g-module M is said to be a (g, K)-module if

e foranyme M, x e g,k € K,

o Zexp(tX).m|—o = X.m,

* (K-finiteness) for any m € M, K.m is finite-dimensional.

The definition seemingly comes from Lie algebra only, but there
is a natural way to construct Lie group representation by
completion of the underlying space.
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Another generalization

L

One may a larger class of representations of g. Let) = [ + u be

a parabolic subalgebra with Levi subalgebra [ and unipotent
part u.

Definition \/

OF is a full subcategory of ModU(g) whose objects M satisfy:
e M is finitely-generated U(g)-module;
e as U(I)-module, M is sum of finite-dimensional [-modules;
® M is locally u-finite.
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